We suggest a simple grand unified theory where the fifth dimensional coordinate is compactified on an S1/(Z2 × Z ′ 2 ) orbifold. This model is based on the supersymmetric flipped SU (5) × U (1) grand unified theory, which can realize not only the triplet-doublet splitting but also the natural fermion mass hierarchies. The triplet-doublet splitting is realized by S1/(Z2 × Z ′ 2 ) orbifolding, which also reduces the gauge group as SU (5) 
§1. Introduction
In the grand unified theory (GUT), one of the most serious problems is how to realize the mass splitting between the triplet and the doublet Higgs particles in the Higgs sector. This problem is so-called triplet-doublet (TD) splitting problem. For solving this serious problem, people have suggested various solutions, for example, the missing partner mechanism 1) 2) 3) 4) , the idea of Higgs doublets as pseudo Nambu-Goldstone bosons 5) , the Dimopoulos-Wilczek mechanism 6) , sliding singlet mechanism 7) , and so on. Recently, the new idea for solving the TD splitting problem has been suggested in five dimensional SU (5) GUT where the fifth dimensional coordinate is compactified on an S 1 /(Z 2 × Z ′ 2 ) orbifold 8) 9) 10) . In this model, only Higgs and gauge fields can propagate in five dimensions, and the TD splitting is realized by the same origin as the gauge group reduction.
In this paper, we consider the supersymmetric flipped SU (5) × U (1) GUT in five dimensions. The fifth dimensional coordinate is compactified on an S 1 /(Z 2 × Z ′ 2 ) orbifold. The model we propose can realize not only TD splitting but also the natural fermion mass hierarchies. The TD splitting is realized by S 1 /(Z 2 × Z ′ 2 ) orbifolding, which also reduces the gauge group as SU (5) × U (1) → SU (3) c × SU (2) L × U (1) Z × U (1) X . The U (1) R symmetry protects the Higgs doublets from gaining heavy masses. The higher order operators do not destroy the triplet-doublet splitting in this model. In addition to three generation chiral matter fields, we introduce extra three sets of vector-like matter fields which can propagate in five dimensions. The suitable fermion
We denote the five dimensional coordinate as y, which is compactified on an S 1 /(Z 2 ×Z ′ 2 ) orbifold. Under the parity transformation of Z 2 and Z ′ 2 , which transform y → −y and y ′ → −y ′ (y ′ = y + πR/2), respectively, a field φ(x µ , y) which can propagate in five dimensions transforms as
where P and P ′ are operators of Z 2 and Z ′ 2 transformations, respectively. Two walls at y = 0 (πR) and πR/2 (−πR/2) are fixed points under Z 2 and Z ′ 2 transformations, respectively. The physical space can be taken to be 0 ≤ y ≤ πR/2, since the walls at y = πR and −πR/2 are identified with those at y = 0 and πR/2, respectively. On this orbifold, the field φ(x µ , y) is divided into
according to the eigenvalues (±, ±) of the parity (Z 2 , Z ′ 2 ). Now let us see the supersymmetric flipped SU (5) × U (1) GUT, which produces the natural fermion mass hierarchies. The fifth dimensional coordinate is compactified on the S 1 /(Z 2 × Z ′ 2 ) orbifold. We introduce three sets of extra vector-like matter fields which can propagate in the bulk. We take the Z 2 parity operator as P = diag.(1, 1, 1, 1, 1) and the Z ′ 2 parity operator as P ′ = diag.(−1, −1, −1, 1, 1) acting on a 5 representation in SU (5) 8) 9) 10) .
Fermion Mass Hierarchy in the Grand Unified Theory on
At first let us show matter multiplets. The ordinal chiral matter fields are given by
where the index number shows the charge of U (1), and the generation is denoted by i = 1, 2, 3. We assume that these chiral matter fields can not propagate in the bulk and are localized on the four dimensional wall at y = 0 (πR). The gauge quantum numbers after the compactification and U (1) R charges of these fields are shown in Table I . The superpotential of the Yukawa sector on the wall y = 0 (πR) is given by
where φ i is the gauge singlet matter field localized on the four dimensional wall at y = 0 (πR), and its mass M φ ij is a symmetric matrix for the generation index. We assume the eigenvalues of M φ ij is much larger than the electroweak scale. All Yukawa couplings in Eq.(2 . 8) are assumed to be of O(1) independently of the generation index. Hs represent Higgs fields which can propagate in the five dimensions.
In addition to above three generation chiral matter fields, we introduce extra three sets of vector-like matter fields which can propagate in the bulk. The gauge quantum numbers after the compactification, the charges of U (1) R symmetry, parity eigenvalues of Z 2 ×Z ′ 2 , and mass spectra at the tree level are shown in Table II , where the index I = 4, 5, 6 denotes the label of three sets of vector-like matter fields. Table  II shows that the TD splitting is realized automatically by the compactification, since the doublet (triplet) Higgs fields H W and H W (H C and H C ) are (not) containing the Kaluza-Klein zero mode. This is the great benefit of the orbifold compactification of S 1 /(Z 2 × Z ′ 2 ) 8) 9) 10) . The Yukawa interactions which mix the ordinal chiral matter fields and extra vector-like matter fields on the wall y = 0 (πR) are given by The extra matters can have gauge invariant vector-like mass terms,
on y = 0 (πR). For simplicity, we take
. We assume the values of M I and m i are smaller than the compactification scale of M c (∼ 1/R), but much larger than the SUSY breaking scale to avoid the blow-up of the gauge coupling constants. The Kaluza-Klein zero modes of vector-like matter fields obtain supersymmetric mass terms of M I and m i . The ratios of M I and m i play crucial roles for generating fermion mass hierarchies as will be seen in the next section. Table III shows the gauge quantum numbers after the compactification, the charges of U (1) R symmetry, parity eigenvalues of Z 2 × Z ′ 2 , and mass spectra at the tree level of Higgs super-multiplets. The Higgs interactions with dimension-less couplings on the four dimensional wall at y = 0 (πR) are given by
The µ parameters are forbidden by the U (1) R symmetry, which could be induced after supersymmetry is broken.
Here let us consider the supersymmetry breaking mechanism. We introduce a gauge and U (1) R singlet field S = F S θ 2 on the y = ±πR/2 branes 9) . The bulk gauge fields can couple to the SUSY breaking field S from the interactions
This SUSY breaking scenario is so-called gaugino mediation mechanism 11) , where the sfermion soft breaking masses are induced through radiative corrections. The µ parameters are induced by the first term of the interactions,
Then, up to the first Kaluza-Klein excited mode, the Higgs superpotential on the visible sector y = 0 (πR) is given by
This shows the mass splitting between H
C in H 5 , H 5 , which is the TD splitting. Also in H 10 , H 10 , the mass splitting is realized between H
Q . Equations (2 . 12) and (2 . 13) suggest that µ parameters are of order soft SUSY breaking parameters (m susy ). The U (1) R symmetry protects the Higgs doublet fields from gaining heavy masses, and the higher order operators do not destroy the TD splitting as will be seen later. We will omit the index of the zero mode in the following discussions. The soft SUSY masses in the Higgs sector on the wall at y = 0 (πR) are induced from the second term in Eq.(2 . 13) as
where h i s denote the scalar components of Higgs superfields.
The vector-like matter fields in the bulk can also couple to S directly in the five dimensional Lagrangian as Here we should discuss the proton stability. The proton-decay process through the dimension five operator is strongly suppressed by U (1) R symmetry 9) . It is because the colored Higgs
, and the conjugate fields H c C and H c C do not couple directly to the quarks and leptons. Thus, from Eq.(2 . 14), the dimension five operator of the proton-decay is strongly suppressed by µ/M 2 c , not by 1/M c . Therefore we can conclude that the p → e + π 0 process is dominant via X, Y gauge boson exchange, which has mass of order M c (∼ 1/R) as shown in Table 4 . Now we are standing in the position to study the gauge group reduction. The gauge group is reduced by the parity
It is worth noting that our model do not demand the VEVs of h N and h N to be the GUT scale contrary to the ordinary four dimensional flipped SU (5) × U (1) GUT. Let us see h N and h N components really tend to take the VEVs than other components of h 10 and h 10 in this model. Apparently, h Q and h Q components are too heavy to take VEVs, since they have the Kaluza-Klein masses. Then, which components take VEVs, h N , h N or h D , h D ? The answer is obtained by estimating the radiative corrections. We can evaluate the relevant soft SUSY breaking masses using the following renormalization group equations (RGEs):
Here t = −1/(4π) 2 ln(µ 2 ). The above RGEs are available in the energy scale of M φ ij < µ < M c . Here we assume y A,B,C,D,E ≪ 1, and neglect these couplings in the above RGEs. y A,B,C,D,E must be small because they might cause the negative squared masses of three generation squarks and sleptons and/or the large flavor changing neutral current (FCNC) from the breaking of sfermion mass degeneracy. g 3 , g Z , and g X are gauge coupling constants for SU (3) c , U (1) Z , and U (1) X , respectively. The RGEs show that gauge couplings give the positive contributions whereas the Yukawa couplings give the negative contributions to the soft breaking masses toward the low energy scale. Then, in the case that the Yukawa coupling y ν is sufficiently large, scalar squared masses can become negative. The physical squared mass of gauge singlet field φ i are positive due to the large supersymmetric masses of M φ ij in Eq.(2 . 8), although m 2 φ receives more negative corrections than m 2 h D and m 2 h N due to the large coupling of y ν . Equations (2 . 17) and (2 . 18) show that m 2 h D receives more positive corrections than m 2 h N due to the QCD coupling effects. Therefore the scalar component of H N tends to take VEV * ) . This type of symmetry breaking via the quantum corrections is so-called radiative symmetry breaking 12) .
Notice here that the large coupling of y ν might destroy the degeneracy of sfermion masses in 10 i . The degeneracy of left-handed squark masses is preserved since h Q is heavy with mass of order 1/R. On the other hand, there is no phenomenological contribution caused by the breaking of mass degeneracy of right-handed neutrinos, since they have supersymmetric heavy mass. Therefore the RGE effects can be significant only in the right-handed down type squark masses. The FCNC from y ν ij can be negligible if we take y ν ij = y ν δ ij at the scale of M c . However, the general interaction of y ν ij can induce the observable magnitude of FCNC from the breaking of mass degeneracy of right-handed down type squarks 13) .
Here let us show a rough estimation of the values of h N and h N . When
, the minimum point of the Higgs potential is given by 
Here we should estimate the corrections of higher order operators induced from the VEVs of h N ≃ h N . The higher order operators { h N h N /M c }(1010 + 55 + 11) induce the corrections to the mass parameters in Eq.(2 . 10). In order not to destroy the fermion mass hierarchies which will be shown in the next section, the relation of h N h N /M c ≪ M I , m i should be satisfied. This constraint is satisfied * ) In Ref. 4) , the radiative breaking of SU (5) × U (1) gauge symmetry has been discussed. They have argued the VEVs of h10 and h 10 , which can be always identified with those of hN and h N , respectively. However, in our model, this field redefinition is not available.
when the magnitudes of h N and h N are smaller than M I and m i . Under this condition, the corrections of µ parameters, which is ( h N h N /M 2 c )µH W H W , is negligibly small. Thus the higher order operator do not destroy the triplet-doublet splitting in this model. §3. Fermion Mass Hierarchy Let us see the mechanism which produces the fermion mass hierarchies in this model. The fermion mass hierarchies in the chiral matter fields are generated by integrating out the heavy extra vector-like generations 14) . Let us see, for example, the quark doublet (Q i ) sector. The mass terms of the quark doublet sector in Eq.(2 . 10) are given by
(3 . 1)
All these fields represent Kaluza-Klein zero mode. Then the light eigenstate Q l i , which is just the quark doublet at the low energy, and the heavy eigenstate Q H i are given by
2)
We consider the case of
Then, the mass hierarchy is generated in the mass matrix of the light eigenstate Q l i . The fields U i and E i also receive the same effects as Eq.(3 . 2) in the light eigenstates, but D i , L i , and N i do not receive these effects since their extra vector-like generations do not have zero modes as shown in Table  II .
Bellow the electroweak scale, the light eigenstates mass matrices of up quark sector, down quark sector, and charged lepton sector are given by
Each element is understood to be multiplied by O(1) coefficient. We write the mass matrices that the left-handed fermions are to the left and the right-handed fermions are to the right. Setting the values of M i+3 and m i as ǫ 1 ≃ λ 4 and ǫ 2 ≃ λ 2 , where λ is the Cabbibo angle estimated as 0.2, we can obtain the suitable mass hierarchies. Moreover, the small (large) flavor mixings in the quark (lepton) sector are naturally obtained 14) 15) 16) .
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The neutrino mass matrix is given by
where the neutrino Dirac mass matrix is given by 7) where Above fermion mass matrices can give the suitable mass hierarchies of quarks and leptons 14) 15) 16) . They also give us the natural explanation why the flavor mixing in the quark sector is small while the flavor mixing in the lepton sector is large. Since all components have undetermined O(1) coefficients, we have to determine the explicit values of O(1) coefficients in order to predict the experimentally observable quantities. §4. Summary and Discussion
In this paper, we have proposed a supersymmetric flipped SU (5) × U (1) GUT in five dimensions where the fifth dimensional coordinate is compactified on an S 1 /(Z 2 × Z ′ 2 ) orbifold. We have shown that the model can realize not only the TD splitting but also the natural fermion mass hierarchies. The TD splitting is realized by the S 1 /(Z 2 × Z ′ 2 ) orbifolding, which also reduces the gauge group as SU
The triplet Higgs fields have the Kaluza-Klein masses of order of 1/R whereas the U (1) R symmetry protects the Higgs doublets from gaining heavy masses. The higher order operators do not destroy the tripletdoublet splitting in this model. The proton-decay process through the dimension five Fermion Mass Hierarchy in the Grand Unified Theory on S 1 /(Z 2 × Z ′ 2 ) Orbifold 9 operator is strongly suppressed by the U (1) R symmetry, and the dominant protondecay mode is p → e + π 0 via the exchange of the X, Y gauge bosons which have Kaluza-Klein masses.
We have seen the radiative corrections of the large Yukawa coupling of righthanded neutrinos can make the SUSY breaking squared mass of h N and h N be negative, which reduce the gauge group as SU
In addition to three generation chiral matter fields, we have introduced extra three sets of vector-like matter fields which can propagate in the bulk. The suitable fermion mass hierarchies are generated by integrating out these extra vector-like heavy fields. Moreover, the large (small) flavor mixings in the lepton (quark) sector are naturally explained.
(1, 1, 0, 0) 1 Table I . The gauge quantum numbers after the compactification and U (1)R charges of the chiral matter fields confined on the wall at y = 0 (πR) are shown. The index i = 1, 2, 3 denotes the generation.
extra matter fields (SU (3)C , SU (2)L, Table IV . The gauge quantum numbers after the compactification, the charges of U (1)R symmetry, parity eigenvalues of Z2 × Z ′ 2 , and mass spectra at the tree level of gauge supermultiplets are shown.
